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Defining Sets

Sets

Sets are fundamental discrete structures that form the basis of more complex
discrete structures such as graphs. relational data bases, etc.

Definition 1 (Set)

A set is an unordered collection of distinct well-defined objects (called
elements).

Take care to read and parse the definition of sets carefully:
@ “unordered” means order is not important.
e So two sets with the same elements but in different order are equal.
@ “collection” means zero or more items.
@ “distinct” means elements are unique.
e So adding an element more than once has no effect.

“well-defined” means that we have a clear rule for deciding what is in
the set and what is not in the set.

o So the “set of all healthy foods” is not a set.
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Defining Sets

Sets

Sets are fundamental discrete structures that form the basis of more complex
discrete structures such as graphs. relational data bases, etc.

Definition 1 (Set)

A set is an unordered collection of distinct well-defined objects (called
elements).

The Set definition is a perfect example of
how all definitions need to be read.

Take care to read and parse the definition of sets carefully:

3

@ “unordered” means order is not important.

e So two sets with the same elements but in different order are equal.
@ “collection” means zero or more items.
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Defining Sets

Notation

@ We use braces “’{” and “}” to enclose the elements of a set.

e We write x € A if set A contains element x, and x ¢ A otherwise.
N~ N~

“x is an element of A” “x is not an element of A”

e The empty set, or null set, is denoted by {} or ().

Enumeration

We can define a set by enumerating (listing) its elements:

o Set of decimal digits
D=1{0,1,2,3,4,5,6,7,8,9}
o Setof Vowels
@ Set of letters in the Enghsh alphabet
L={a",“b",“",..., 0"}
@ Set of positive integers
P={1,2,3,4,...}

leD 15¢D

The three consecu-
tive “dots” are called
an ellipsis. We use

them when it is clear
what elements are in-
cluded but not listed.
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Defining Sets Number Sets

Number Sets

e N=1{0,1,2,3,4,5,...} (Natural Numbers)
o Contains zero and the positive integers.
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Defining Sets Number Sets

Number Sets

ZI N g googol - °
o L]

e N=1{0,1,2,3,4,5,...}
o Contains zero and the positive integers.

©Z=1{.,-3,-2-10123,..}

(Natural Numbers)

(Integers)
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Defining Sets Number Sets

Number Sets

o
QZIN 4 googl - °
o L]

e N=1{0,1,2,3,4,5,...}

o Contains zero and the positive integers.
e Z={...,-3-2,—-1,0,1,2,3,...}
o Q

(Natural Numbers)

(Integers)
(Rational Numbers)

e Any number that can be expressed as a fraction.
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Defining Sets Number Sets

Number Sets

o N={0,1,2,3,4,5,...}

o Contains zero and the positive integers.
e Z={...,-3-2,—-1,0,1,2,3,...}
o Q

(Natural Numbers)

(Integers)
(Rational Numbers)

e Any number that can be expressed as a fraction.

o R
e Rational and irrational numbers

(Real Numbers)

50f34



Defining Sets Number Sets
Number Sets
—1
o ! %, 100 . m N\ A4S
CIRIQIZIN 4 googol . S =l Ty
-3 o (53 °
o N={0,1,2,3,4,5,...} (Natural Numbers)
o Contains zero and the positive integers.
e Z={...,-3-2,—-1,0,1,2,3,...} (Integers)
e Q (Rational Numbers)
e Any number that can be expressed as a fraction.
o R (Real Numbers)
o Rational and irrational numbers
o C (Complex)
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Defining Sets Set Builder Notation

Set Builder Notation

Another way of describing sets is to use set builder notation.
For example, we could define the set of rational numbers as

Q={a/b|a,beZ,b+#0}

where
@ a/b indicates that a typical element of the set is a “fraction.”

o The vertical line, “|”, is read as “such that” or “where”.
Note: Many authors use a colon, ““:” instead of the vertical line ““|”.

@ a,b € Z is an abbreviated way of saying « and b are integers.
o Commas are usually read as “and.”

The above mathematical statement can be read as
Q is the set of things that can be expressed as a/b where a and b
are integers and b # 0.
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Review Exercises 1 (Builder Notation)

Question 1:
List any four elements of each of the following sets:

@ {keN|k—1isamultiple of 7}

@ {x|xisafruit and its skin is normally eaten}
Q@ (xeQliez}

@ {2n|neZ,n<0}

Q {s|s=1424+--4+nneNn>1}

Question 2: Question 3:
List all elements of the following sets: Describe the following sets using set-builder
Q {% ‘ ne {374,576}} notation.
@ {« € the alphabet | « precedes F} Q {57.9,...,77,79}
@ {k|lkeN} @ the rational numbers that are strictly
Q 7 2,-1.0,1,2) between —1 and 1
n n=—+—L10,1, .
' @ the even integers
@ {n € P|nisafactor of 24 }
@ {-18,-9,0,9,18,27,...}



Defining Sets Set Builder Notation

Cardinality

Definition 2 (Cardinality)

Let A be a finite set. The number of different elements in A is called its
cardinality and is denoted by |A|.
If |A| is finite then A is said to be a finite set, otherwise it is an infinite set.

@ The empty set, (), has cardinality zero, i.e.,
[ W = o )

@ A singleton set is a set that has only one element.

@ Note the difference between {a} and a. The braces indicate that the
object is a set, while a without the brace is an element.

o This difference also applies to the empty set, in that*

0 # {0} )

“If this is confusing, think of a bag containing a empty bag. Is the first bag empty?
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Defining Sets Set Builder Notation

Examples (Membership and Cardinality)

o LetA = {1,{2},{{3}}}. Then

3¢A
2¢ A
leA (3l ¢A
2rea Ghyea
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Defining Sets Set Builder Notation

Examples (Membership and Cardinality)

o LetA = {1,{2},{{3}}}. Then

3¢A
2¢ A
leA (3l ¢A
2rea Ghyea

o LetA = {23,24,...,37,38).
Then |[A| =38 — 23+ 1 =16

Note the “+1”.
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Defining Sets Set Builder Notation

Examples (Membership and Cardinality)

o LetA = {1,{2},{{3}}}. Then

3¢A
2¢A
leA (3} ¢4
2red 5yyea

o LetA = {23,24,...,37,38).
Then |[A| =38 — 23+ 1 =16

Note the “+1”.

o LetB — {1, {2, 374}7 (Z)} B has three elements, the number 1,
Then |B| = 3 the set {2,3,4}, the empty set (.
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Defining Sets Set Builder Notation

Examples (Membership and Cardinality)

o LetA = {1,{2},{{3}}}. Then

3¢ A
2¢A
1€A {2}¢€A {3} ¢ A
{{3t1eA

o LetA ={23,24,...,37,38}.

Then [4] = 38 — 23 + 1 = 16
o LetB = {1 {2 3 4} (Z)} B has three elements, the number 1,

Then |B| :,3 R the set {2,3,4}, the empty set (.

List and count the primes

@ Let C = {n|n < 100,n is prime}. PO

Then |C| = 25
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Defining Sets Venn Diagrams

Venn Diagrams

A Venn diagram is a graphical representation of sets that is effective when
dealing with the relationship between a few sets. We use

@ (overlapping) ovals to represent the individual sets.

@ arectangle to represent the universal set — a set

@ an element is placed in exactly one region, based on which set, if any, it

is a member of,

u 1 Set Uu 2 Sets u 3 Sets
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Defining Sets Python Implementation

Python Implementation

O N W R W N —

defining_sets .py

-
A = set()
print (A)

A.add(3)
print (A)

A.add (3)
print (A)

A.add(2)
print (A)
print (A)

A.add("All")
print (A)

B = {"This",
rint (B
P (B)

A.add("Hello")

J
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Defining Sets Python Implementation

Python Implementation

e ® N R W o =

defining_sets .py

fA = set()
print (A)
A.add(3)

print (A)

A.add (3)
print (A)

A.add(2)
print (A)

A.add("Hello")
print (A)

A.add("All")
print (A)

B = {"This", "is",
rint (B)
kP

e Create an empty set using set ()

e Note: braces {} are used to represent a dictionary.

1 set()

J

11 of 34



Defining Sets

Python Implementation

Python Implementation

e ® N R W o =

defining_sets .py

-
A = set()
print (A)

A.add (3)
print (A)

A.add (3)
print (A)

A.add(2)
print (A)

A.add("Hello")
print (A)

A.add("All")
print (A)

B = {"This", "is", "a", "set"}
rint (B)
kP

e Note: braces {} are used to represent a dictionary.

e Add individual items using add

e Create an empty set using set ()

1| set()

2 {3}
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Defining Sets Python Implementation

Python Implementation

e ® N R W o =

-
A = set () )
print (A) Create an empty set using set ()
Note: braces {} are used to represent a dictionary.
A.add(3) H g =
print (A) Add individual items using add
Items are unique so repeated add has no effect.
A.add(3)
print (A)
A.add(2)
print (A)
A.add("Hello")
print (A)
1 set()
A.add("All") 2 (3)
print (A) 3 {3}
B = {"This", "is", "a", "set")
rint (B
\P (B)

defining_sets .py

J
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Defining Sets Python Implementation

Python Implementation

e ® N R W o =

defining_sets .py

-
A = set ()
print (A)

Create an empty set using set ()

e Note: braces {} are used to represent a dictionary.

A.add (3)

print (A) e Add individual items using add

Items are unique so repeated add has no effect.
A.add(3)

print (A)

A.add(2)
print (A)

A.add("Hello")

print (A)
1 set()
A.add("All") 2 gi
rint (A) 3
P 4 {2, 3}
B = {”This“, nisu7 ”a", nsetn} J
rint (B
P (B)
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Defining Sets Python Implementation

Python Implementation

e ® N R W o =

defining_sets .py

-
A = set ()
print (A) e Create an empty set using set ()
e Note: braces {} are used to represent a dictionary.
A.add(3) U P ary
print (A) e Add individual items using add
e [tems are unique so repeated add has no effect.
A.add(3)
print (A) Sets can contain ‘anything’. Need quotes around strings
A.add(2)
print (A)

A.add("Hello")

print (A) 1 set()
2 | {3}
A.add("All") 3| {3}
print(A) 4 {2, 3}
5 {2, 3, ’Hello’}
B = {"This", "is", "a", "set"}
rint (B
\P (B) J
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Defining Sets

Python Implementation

Python Implementation

e ® N R W o =

defining_sets .py

A.add("Hello")

-
A = set() .
print (A) e Create an empty set using set ()
e Note: braces {} are used to represent a dictionary.
A.add (3) U 3 w
print (A) e Add individual items using add
e [tems are unique so repeated add has no effect.
A.add(3)
print (A) e Sets can contain ‘anything’. Need quotes around strings
Note order is not important!
A.add(2)
print (A)

print (A) L | set()
2 | {3}

A.add("AlL") 3 g} N

rint (A) & ’

P s {2, 3, 'Hello"})

B = ["This". "is". "a". "set") 6 {2, 3, 'Hello’, *All’}

rint (B
P (B) J
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Defining Sets Python Implementation

Python Implementation

e ® N R W o =

20

defining_sets .py

= {"This", "is", "
print (B)

-
A = set() .
print (A) Create an empty set using set ()
e Note: braces {} are used to represent a dictionary.
A.add (3) U 3 w
print (A) e Add individual items using add
e [tems are unique so repeated add has no effect.
A.add(3)
print (A) e Sets can contain ‘anything’. Need quotes around strings
e Note order is not important!
A.add(2)
print (A) Can also define a set with elements
A.add("Hello") 1 | set()
print (A) 2 | {3}
3 {3}
A.add("All") 4 {2, 3}
print (A) 5 {2, 3, ’Hello’}
6 {2, 3, ’"Hello’,
a", "set"} 7 {’This’,
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Relationships Between Sets

Equal Sets

Definition 3 (Equal Sets)
Two sets A, and B are equal iff they contain the same elements.

Expressing this in predicate logic terms we have

Vx | xeEA<+x€B
—_—
xisinAiff xisin B

which in terms of the IFTHEN operator is

W[@EAHxE&A@EB%xEM]

ifxisinAthenxisin B ifxisin BthenxisinA
The sets
o A={1,3,57,..}
e B={n|neN,Fk(n=2k+1,keN)}
@ C={n|ne N remainderofn+6 ¢ {1,3,5}}

are equal, despite the apparent difference in their definitions.
13 of 34



Relationships Between Sets Subsets and Proper Subsets

Subsets and Proper Subsets

Definition 4 (Subset)

Set A is said to be a subset of B and we write

ACB
if and only if every element of A is also an element of B.

If, in addition, B contains at least one element not in A we say that A is a
proper subset of B, and write
ACB

@ In terms of predicate logic we have
e Ais asubset of B

ACB <= VYVx[x€A—xecB]
e A is a proper subset of B
ACB <= Vx[x€A—x€B|Ax[xeB,x¢A]

@ Note that the operators C and C play a similar role to < and <.
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Relationships Between Sets Subsets and Proper Subsets

The Empty Set is a Subset of Every Set
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Relationships Between Sets Subsets and Proper Subsets

Example

LetA ={1,2,3,4,5,6},B=1{2,4,6},C={1,2,3} and D = {7, 8,9}.
Determine which of the following are true, false, or meaningless.

A CB.

B C A.

BeC.

CeA.

)€ A.
0 c A.
A < D.
3ecC.
3CC.
{3} cC.

©Co0e0060606 ©660666°¢6
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Relationships Between Sets Subsets and Proper Subsets

Example

LetA ={1,2,3,4,5,6},B=1{2,4,6},C={1,2,3} and D = {7, 8,9}.
Determine which of the following are true, false, or meaningless.

©Co0e0060606 ©660666°¢6

A CB. False, ] € Abutl ¢ B
B C A. True, all elements of B are in A
BeC.
CecA.

)€ A.
0 c A.
A < D.
3eC.
3CC.
{3} cC.

16 of 34



Relationships Between Sets Subsets and Proper Subsets

Example

LetA ={1,2,3,4,5,6},B=1{2,4,6},C={1,2,3} and D = {7, 8,9}.
Determine which of the following are true, false, or meaningless.

©Co0e0060606 ©660666°¢6

A CB. False, ] € Abutl ¢ B
B C A. True, all elements of B are in A

BecC. False, since C does not contain B
C e A.

)€ A.
0 c A.
A < D.
3eC.
3CC.
{3} cC.
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Relationships Between Sets Subsets and Proper Subsets

Example

LetA ={1,2,3,4,5,6},B=1{2,4,6},C={1,2,3} and D = {7, 8,9}.
Determine which of the following are true, false, or meaningless.

Q@ ACB. False, | € Abutl ¢ B

Q@ B CA. True, all elements of B are in A

@ BeC. False, since C does not contain B

@ CcA. False, since A does not contain C
(But note that A does contain all of the elements of C, so C C A is True.)

Q@ 0ecA

Q@ 0cCA

@ A<D.

Q@ 3ccC.

Q@ 3cCC

@ (3lccC
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Q@ B CA. True, all elements of B are in A

@ BeC. False, since C does not contain B

@ CcA. False, since A does not contain C
(But note that A does contain all of the elements of C, so C C A is True.)

Q@ leA False

Q@ 0cCA
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Q@ 3ccC.

Q@ 3cCC
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Relationships Between Sets Subsets and Proper Subsets

Example
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(But note that A does contain all of the elements of C, so C C A is True.)
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Q@ 3cCC
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Relationships Between Sets Subsets and Proper Subsets

Example

LetA ={1,2,3,4,5,6},B=1{2,4,6},C={1,2,3} and D = {7, 8,9}.
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Q@ B CA. True, all elements of B are in A
@ BeC. False, since C does not contain B
@ CcA. False, since A does not contain C
(But note that A does contain all of the elements of C, so C C A is True.)
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16 of 34



Relationships Between Sets Subsets and Proper Subsets

Example

LetA ={1,2,3,4,5,6},B=1{2,4,6},C={1,2,3} and D = {7, 8,9}.
Determine which of the following are true, false, or meaningless.

Q@ ACB. False, | € Abutl ¢ B
Q@ B CA. True, all elements of B are in A
@ BeC. False, since C does not contain B
@ CcA. False, since A does not contain C
(But note that A does contain all of the elements of C, so C C A is True.)
Q@ DeA. False
Q@ 0CA. True, The empty set is a subset of every set
@ A<D. meaningless, the less than operator is not defined for sets
Q@ 3ccC. True
Q@ 3cCC
@ (3lccC

16 of 34



Relationships Between Sets Subsets and Proper Subsets

Example

LetA ={1,2,3,4,5,6},B=1{2,4,6},C={1,2,3} and D = {7, 8,9}.
Determine which of the following are true, false, or meaningless.

Q@ ACB. False, | € Abutl ¢ B
Q@ B CA. True, all elements of B are in A
@ BeC. False, since C does not contain B
@ CcA. False, since A does not contain C

(But note that A does contain all of the elements of C, so C C A is True.)
Q@ (eA. False
Q@ 0CA. True, The empty set is a subset of every set
Q@ A<D. meaningless, the less than operator is not defined for sets
Q@ 3ccC. True
Q@ 3CC. meaningless, the subset operator is only defined between sets
@ (3lccC

16 of 34



Relationships Between Sets Subsets and Proper Subsets

Example

LetA ={1,2,3,4,5,6},B=1{2,4,6},C={1,2,3} and D = {7, 8,9}.
Determine which of the following are true, false, or meaningless.

Q@ ACB. False, | € Abutl ¢ B
Q@ B CA. True, all elements of B are in A
@ BeC. False, since C does not contain B
@ CcA. False, since A does not contain C

(But note that A does contain all of the elements of C, so C C A is True.)
Q@ (eA. False
Q@ 0CA. True, The empty set is a subset of every set
Q@ A<D. meaningless, the less than operator is not defined for sets
Q@ 3ccC. True
Q@ 3CC. meaningless, the subset operator is only defined between sets
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Relationships Between Sets Power Set

Power Set

If you collect all the subsets of set S into a new set, we get a set of sets ...

Definition 5 (Power Set)
The power set of a set S, denoted by (), is the set of all subsets of S.

The power set is a fundamental combinatorial object useful when
considering all possible combinations of elements of a set.

Theorem 6 (Size of the power set)

Let S be a set such that |S| = n, then

[P(S)] =2"

17 of 34



Relationships Between Sets Power Set

Example

Let A = {a, b, c}, then the power set is

P(A) = {0,{a},{b},{c} {a,b},{a,c},{b,c},{a,b,c}}

@ Note that the empty set and the set itself are elements of the power set.
o The empty set is a subset of every set ...

S - S—
e Every set is a subset of itself . ..
E AC A )
@ Note that while » € A, it is wrong to say b € P(A). b # {b}

e However {b} € P(A) since {b} C A.
o P(0) = {0}
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Relationships Between Sets Python Implementation

Python Implementation

R R Y N T R

A = set()

-
A= {42}

B = {1,2,3,4,5}

print("A =", A)

print("B =", B)

print("Is A a subset of B?", A.issubset(B))
print("Is B a subset of A?", B.issubset(A))
print("Is A a superset of B?", A.issuperset(B))
print("Is B a superset of A?", B.issuperset(A))

print(A.issubset (A))

\print(A. issubset(A))

-

19 of 34



Relationships Between Sets Python Implementation

Python Implementation

R R Y N T R

e Create two sets, A and B

fA = {4,2}

B = {1,2,3,4,5}
print("A =", A)
print("B =", B)
print("Is A a subset of B?", A.issubset(B))
print("Is B a subset of A?", B.issubset(A))
print("Is A a superset of B?", A.issuperset(B))
print("Is B a superset of A?", B.issuperset(A))

A = set()

\print(A. issubset(A))

print(A.issubset (A))

A= {2, 4)
B

{1, 2, 3, 4,5}

A
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Relationships Between Sets Python Implementation

Python Implementation

R R Y N T R

e Create two sets, A and B

- e Test for subset using command issubset
A= {42}
B = {1,2,3,4,5}
print("A =", A)
print("B =", B)
:print("ls A a subset of B?", A.issubset(B))
print("Is B a subset of A?", B.issubset(A))
print("Is A a superset of B?", A.issuperset(B))
print("Is B a superset of A?", B.issuperset(A))
print(A.issubset (A))
1A= {2, 4}
& 5 B0 2 B = {1, 2, 3, 4, 5}
\prmt(A.lssubset(A)) 3 Is A a subset of B? True
4

Is B a subset of A? False
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Relationships Between Sets Python Implementation

Python Implementation

R R Y N T R

-
A

{4.2}

A = set()

print(A.issubset (A))

\print(A. issubset(A))

A

Is
Is

Is
Is

[V I SO CR CR

Create two sets, A and B

A |

B =

W > W

{2,
{1,
a

a
a
a

e Test for subset using command issubset

Test for superset using command issuperset

B = {1,2,3,4,5}

print("A =", A)

print("B =", B)

print("Is A a subset of B?", A.issubset(B))
print("Is B a subset of A?", B.issubset(A))
print("Is A a superset of B?", A.issuperset(B))
print("Is B a superset of A?", B.issuperset(A))

4}

2, 3, 4, 5}

subset of B? True
subset of A? False
superset of B? False
superset of A? True
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Python Implementation

R R Y N T R

S

11

13
14
15

- °
A= {42} °
B = {1,2,3,4,5}
print("A =", A)
print("B =", B)
print("Is A a subset of B?", A
print("Is B a subset of A?", B.
print("Is A a superset of B?",
print("Is B a superset of A?",
12@print (A.issubset(A))
A = set()
\print(A.issubset(A))

.issubset (B))
issubset (A))

Create two sets, A and B
Test for subset using command issubset
Test for superset using command issuperset

Every set is a subset of itself

A.issuperset(B))
B.issuperset(A))

1A= {2, 4}

2 B = {1, 2, 3, 4, 5}

3 Is A a subset of B? True

4 Is B a subset of A? False

s— Is A a superset of B? False
6 Is B a superset of A? True
7  True
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Python Implementation

R R Y N T R

15

Create two sets, A and B

e Test for subset using command issubset

-
A

{4.2}

e Test for superset using command issuperset

B = {1,2,3,4,5} ) )
print ("A =", A) e Every set is a subset of itself
print("B =", B) The empty set is a subset of every set
print("Is A a subset of B?", A.issubset(B))
print("Is B a subset of A?", B.issubset(A))
print("Is A a superset of B?", A.issuperset(B))
print("Is B a superset of A?", B.issunersef(A))
. . 1A= {2, 4}
print(A.issubset (A)) 2 B = {1, 2,3, 4, 5)
3 Is A a subset of B? True
&S B0 4 Is B a subset of A? False
print(A.issubset(A)) 5 Is A a superset of B? False
6 Is B a superset of A? True
7 | True
8  True
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Set Operations Intersection, Union, Set Difference, ...

Intersection

Definition 8 (Intersection)

The intersection of two sets, A and B, denoted by A N B, is the set that
contains all elements that are elements of both A and B. We write

ANB={x|(x€A)A(x € B)}

Properties: ANB Two sets are said
e ANB=BNA to be disjoint if

e ANB)NC=AN(BNC)
e ANB=A=ACB
e AND=10

their intersection is

empty
ANB=10

e Acts like the logical AND
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Set Operations Intersection, Union, Set Difference, ...

Union

Definition 9 (Union)

The union of two sets, A and B, denoted by A U B, is the set that contains all
elements that are elements of A or B or both. We write

AUB={x|(x€A)V(x€B)}

Properties: AUB
e AUB=BUA

(AUB)UC=AU(BUC)
AUB=A=BCA
AUP=A

Acts like the logical OR
|AUB| = |A| + |B| — |ANB|
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Set Operations Intersection, Union, Set Difference, ...

Set Difference

Definition 10 (Set Difference)

The set difference of two sets, A and B, denoted by A \ B, is the set that
contains all elements that are in A but not in B. We write

A\B={x| (x € A)A(x ¢ B)}

Properties: A \ B
e A\B#B\A

(A\B)\C#A\(B\C)

A\B=A=BNA=1
A\B=0#A=B
A\B=0=ACB
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Set Operations Intersection, Union, Set Difference, ...

Symmetric Difference

Definition 11 (Symmetric Difference)

The symmetric difference of two sets, A and B, denoted by A & B, is the set
that contains all elements that are in A or in B but not both. We write

A®B={x|(x€AUB)AN(x ¢ ANB)}

Properties: ADB
e ADB=BDA

e AGB)®C=A (BaC)

e ABB=A=B=1
e A®B=0=A=B
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Set Operations Intersection, Union, Set Difference, ...

Set Complement

Often when dealing with sets, we will have some understanding as to what
“everything” is. Perhaps we are only concerned with natural numbers. In
this case we would say that our universe is N. We denote this universe by /.
Given this context, we might wish to speak of all the elements which are not
in a particular set.

Definition 12 (Complement)

The complement of a set A, denoted by A, is the set containing all elements
not in A.

Properties:
e ANA=1

e AUA=U
e ANB=A\B

2 |

25 of 34



Set Operations Intersection, Union, Set Difference, ...

Example

LetA = {1,2,3,4,5,6},B={2,4,6},C={1,2,3} and D = {7,8,9}. If
the universe is &/ = {1,2,...,10}, find:

Q@ AUB.
ANB.
BnNC.
AND.

©eeoe ©6 ©eeo06e
>
—
o
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Example

LetA = {1,2,3,4,5,6},B={2,4,6},C={1,2,3} and D = {7,8,9}. If
the universe is &/ = {1,2,...,10}, find:

AUB. AUB={1,2,3,4,5,6} = A since everything in B is already in A
ANB.
BNC.
AND.
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C
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Set Operations

Example

Intersection, Union, Set Difference, ...

LetA = {1,2,3,4,5,6},B={2,4,6},C={1,2,3} and D = {7,8,9}. If
the universe is &/ = {1,2,...,10}, find:

AUB. AUB={1,2,3,4,5,6} = A since everything in B is already in A

© ©66e666°¢6
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ANB. ANB={2,4,6} = Bsince everything in B is in A

BnNC.
AND.
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Example

LetA ={1,2,3,4,5,6},B={2,4,6},C={1,2,3}and D = {7,8,9}. If
the universe is &/ = {1,2,...,10}, find:

AUB. AUB={1,2,3,4,5,6} = A since everything in B is already in A
ANB. ANB={2,4,6} = Bsince everything in B is in A
BNC. BN C = {2} as the only element of both B and C is 2
AND.
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Set Operations Intersection, Union, Set Difference, ...

Example

LetA = {1,2,3,4,5,6},B={2,4,6},C={1,2,3} and D = {7,8,9}. If
the universe is &/ = {1,2,...,10}, find:

@ AUB. AUB={1,2,3,4,5,6} = A since everything in B is already in A
Q@ ANB. ANB={2,4,6} = Bsince everything in B is in A
@ BNC. BN C = {2} as the only element of both B and C is 2
@ AND. AN D = () since A and D have no common elements.
@ BUC.

Q@ A\B

© 660
=
C
)
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Set Operations Intersection, Union, Set Difference, ...

Example

LetA = {1,2,3,4,5,6},B={2,4,6},C={1,2,3} and D = {7,8,9}. If
the universe is &/ = {1,2,...,10}, find:

@ AUB. AUB={1,2,3,4,5,6} = A since everything in B is already in A

Q@ ANB. ANB={2,4,6} = Bsince everything in B is in A

@ BNC. BN C = {2} as the only element of both B and C is 2

@ AND. AN D = () since A and D have no common elements.

@ BUC. BUC = {5,7,8,9,10}.
(First we find that BU C = {1,2,3,4, 6}, then we take everything not in that set.)

@ A\B

@ (DNC)UANB.

Q Juc.

Q Inc.
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Set Operations Intersection, Union, Set Difference, ...

Example

LetA = {1,2,3,4,5,6},B = {2,4,6},C={1,2,3} and D = {7,8,9}. If
the universe is &/ = {1,2,...,10}, find:

© ©6e6e6¢°0

© 660

AUB. AUB={1,2,3,4,5,6} = A since everything in B is already in A
ANB. ANB={2,4,6} = Bsince everything in B is in A
BnNC. BN C = {2} as the only element of both B and C is 2
AND. AN D = () since A and D have no common elements.
BUC. BUC = {5,7,8,9,10}.
(First we find that BU C = {1, 2, 3,4, 6}, then we take everything not in that set.)
A\ B. A\ B ={1,3,5} since the elements 1, 3, and 5 are in A but not in B.
(This is the same as A N B)
(DNC)UANB.
pucC.
pnc.
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Example

LetA = {1,2,3,4,5,6},B = {2,4,6},C={1,2,3} and D = {7,8,9}. If
the universe is &/ = {1,2,...,10}, find:

© ©6e6e6¢°0

© 660

AUB. AUB={1,2,3,4,5,6} = A since everything in B is already in A

ANB. ANB={2,4,6} = Bsince everything in B is in A

BnNC. BN C = {2} as the only element of both B and C is 2

AND. AN D = () since A and D have no common elements.

BUC. BUC = {5,7,8,9,10}.

(First we find that BU C = {1, 2, 3,4, 6}, then we take everything not in that set.)

A\ B. A\ B ={1,3,5} since the elements 1, 3, and 5 are in A but not in B.

(This is the same as A N B)

(DNC)UANB. (DNC)UANB ={1,3,5,7,8,9,10}.
pucC.
pnc.
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Set Operations Intersection, Union, Set Difference, ...

Example

LetA = {1,2,3,4,5,6}, B={2,4,6},C={1,2,3} and D = {7,8,9}. If
the universe is &/ = {1,2,...,10}, find:
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AUB. AUB={1,2,3,4,5,6} = A since everything in B is already in A
ANB. ANB={2,4,6} = Bsince everything in B is in A
BnNC. BN C = {2} as the only element of both B and C is 2
AND. AN D = () since A and D have no common elements.
BUC. BUC = {5,7,8,9,10}.
(First we find that BU C = {1, 2, 3,4, 6}, then we take everything not in that set.)

A\ B. A\ B ={1,3,5} since the elements 1, 3, and 5 are in A but not in B.
(This is the same as A N B)

(DNC)UANB. (DNC)UANB ={1,3,5,7,8,9,10}.
fucC. () U C = C since nothing is added by the empty set.

0nc.
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Set Operations Intersection, Union, Set Difference, ...

Example

LetA = {1,2,3,4,5,6}, B={2,4,6},C={1,2,3} and D = {7,8,9}. If
the universe is &/ = {1,2,...,10}, find:

@ AUB. AUB={1,2,3,4,5,6} = A since everything in B is already in A
Q@ ANB. ANB={2,4,6} = Bsince everything in B is in A
@ BNC. BN C = {2} as the only element of both B and C is 2
@ AND. AN D = () since A and D have no common elements.
@ BUC. BUC = {5,7,8,9,10}.
(First we find that BU C = {1, 2, 3,4, 6}, then we take everything not in that set.)

Q@ A\B A\ B = {1,3,5} since the elements 1, 3, and 5 are in A but not in B.
(This is the same as A N B)

@ (DNC)UANB. (DNC)UANB ={1,3,5,7,8,9,10}.
Q@ 0uc. () U C = C since nothing is added by the empty set.
Q OIncC. () N C = 0 since nothing can be both in a set and in the empty set.
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Set Operations Cartesian product

Cartesian Product

Given two sets we often need to construct a set of all possible pairing of
elements from both sets.

Definition 13 (Cartesian Product)

The Cartesian product or two sets A and B, denoted by A x B is the set of
ordered pairs where the first member is an element of the first set and the
second member is an element of the second.

AxB={(a,b)|acA,becB}

@ When we take the Cartesian product of a set, say A, by itself, we write
A2,

@ The 2D plane is the Cartesian product of the set of real numbers (R)
with itself.
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Set Operations Cartesian product

Example

Example 14

LetA = {1,2} and B = {3,4,5}.
@ FindA xBand A x A.

@ How many elements do you expect to be in B x B?
Q@ IsAXB=BxA?

Solution.
Q@ AxB={(1,3),(1,4),(1,5),(2,3),(2,4),(2,5)}.
AxA=Ar={(1,1),(1,2),(2,1),(2,2)}.

@ |B x B| = 9. There will be 3 pairs with first coordinate 3, three more
with first coordinate 4, and a final three with first coordinate 5.

@ No. Cartesian product generates ordered pairs.
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Python Implementation

Python Implementation

O N W R W N —

-
A= {1,2,3,4,5,6}
B = {2,4,6}

C = {1,2,3}

D= {7.,8,9}

U = set(range(1,11))

ans = A.union (B)
print("A u B = ", ans)

ans = A.intersection (B)
print("A n B = ", ans)

ans = A.difference (B)
print("A \ B = ", ans)

ans = U.difference (A)
print ("A complement", ans)

N = set()
print (N.union (C)==C)
kprint(N. intersection (C)==N)

J
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Python Implementation

Python Implementation

O N W R W N —

A {1,2,3,4,5,6}
B = {2,4,6}

C = {1,2,3}

D = {7.8,9}

U set(range(1,11))

ans = A.union (B)
print("A u B = ", ans)
ans = A.intersection (B)
print("A n B = ", ans)

ans = A.difference (B)
print("A \ B = ", ans)

ans = U.difference (A)
print ("A complement", ans)

N = set()
print (N.union (C)==C)
kprint(N. intersection (C)==N)

e Create A, B, C, D and universal set U

J
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Python Implementation

Python Implementation

e ® N R W o =

ans = A.intersection (B)
print("A n B = ", ans)

ans = A.difference (B)
print("A \ B = ", ans)

ans = U.difference (A)
print ("A complement", ans)

N = set()
print (N.union (C)==C)
kprint(N. intersection (C)==N)

-
A= {1,2,3,4,5,6} e Create A, B, C, D and universal set U
B = {2,4,6) . .

C= (1.23) e Use union for set union
D= {7,8,9}
U = set(range(1,11))

©Qans = A.union(B)

print("A u B = ", ans)
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Python Implementation

3 at1 3
s MM
1A= {1,2,3,4,5,6} e Create A, B, C, D and universal set U
2 |B = {2,4,6} X .
s|e = (1.2.3) e Use union for set union
4 (D= {7,8,9} e Use intersection for set intersection
51U = set(range(1,11))
6
7 | ans = A.union (B)
g | print("A u B = ", ans)
9
100Qans = A.intersection (B)
11 | print("A n B =", ans)
12
13 | ans = A.difference (B)
14 | print("A \ B = ", ans)
15

16 | ans = U. difference (A)
17 | print("A complement”", ans)

1 AuB= (1,2, 3,4,5, 6}
s 2 AnB= (2,4, 6}
19 [N = set()
20 | print (N.union (C)==C)
21 kprint(N.intersection(C)::N)
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Python Implementation

e ® N R W o =

(1.2,3,4,5.,6)
{2.,4.6}
(1,2.,3)
(7.8
se

,8.9}
t(range(1,11))

conwp )
1

ans = A.union(B)
print("A u B = ", ans)

ans = A.intersection (B)
print("A n B = ", ans)

Qans = A.difference (B)
print("A \ B = ", ans)

ans = U.difference (A)
print ("A complement", ans)

N = set()
print (N.union (C)==C)
kprint(N. intersection (C)==N)

Create A, B, C, D and universal set U
Use union for set union

Use intersection for set intersection

Use difference for set difference. Also have
symmetric_difference

1 AuB= (1,2, 3, 4,5, 6}
2 AnB = 4,
3 A\B 1, 3,5
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Python Implementation

(1.2,3,4,5.,6)
{2.,4.6}
(1,2.,3)
(7.8
se

,8.9}
t(range(1,11))

conwp )
1

ans = A.union(B)
print("A u B = ", ans)

e ® N R W o =

10 | ans = A.intersection (B)
11 | print("A n B =", ans)

13 | ans = A.difference (B)
14 | print("A \ B = ", ans)

16Qans = U.difference (A)
17 | print("A complement”", ans)

19 [N = set()
20 | print (N.union (C)==C)
21 kprint(N. intersection (C)==N)

Create A, B, C, D and universal set U

Use union for set union

e Use intersection for set intersection

e Use difference for set difference. Also have

symmetric_difference

e Complement is implemented using set
difference.

1 AuB= {1, 2, 3, 4,5, 6}
2 AnB {2, 4, 6}

3 A\B= {1, 3,5}

4 A complement {8, 9, 10, 7}
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Python Implementation

( J at1 o
1A= {1,2,3,4,5,6} e Create A, B, C, D and universal set U %
2 |B = {2,4,6} U ion f .

sle = (12.3) e Use union for set union

4|D = {7,8,9} e Use intersection for set intersection

5 |U = set(range (1,11 . .

. ( ge ( ) e Use difference for set difference. Also have

7 [lans = AL union (B) symmetric_difference

8 | print("A u B = ", ans) e Complement is implemented using set

K difference.

10 | ans = A.intersection (B) ) )
11| print("A n B = ", ans) e Properties of operations hold as expected.

13 | ans = A.difference (B)

14 | print("A \ B = ", ans)
15 ) 1 AuB= (1,2, 3, 4,5, 6}
16 | ans = U. difference (A) » AnB 12, 4, 6
17 | print ("A complement", ans) s A\ B {1’ 3’ 5)
18 4 A complement {8, 9, 10, 7}
19 |N = set() s True

6 True

20 print (N. union (C)==C)
21Qprint(N. intersection (C)==N)

J
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Set Operations Python Implementation

Application: Databases (We’Ve just covered half of your 3rd DB module)

SQL JOINS @

SELECT <select_list> SELECT <select_list>
FROM TableA A FROM TableA A
LEFT JOIN TableB B RIGHT JOIN TableB B
ON AKey = B.Key ON A.Key = B.Key
SELECT <select_list>
FROM TableA A
INNER JOIN TableB B
ON A Key = B.Key
SELECT <select_list> SELECT <select_list>
FROM TableA A FROM TableA A

RIGHT JOIN TableB B
ON A.Key = B.Key
WHERE A.Key IS NULL

LEFT JOIN TableB B
ON AKey = B.Key
WHERE B.Key IS NULL

SELECT <select_list>

SELECT <sclect_list> FROM TableA A

FROM TableA A, FULL OUTER JOIN TableB B
FULL OUTER JOIN TableB B ON AKey = B.Key
ON AKey = B.Key WHERE A Key IS NULL

® C.L Moffatt, 2008 OR B.Key IS NULL
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Proving Equivalence

Proving Equivalence

@ We have mentioned a number of properties of set operations.
Hopefully, some are obvious. How can we prove the others?

@ We want some technique/process that will allow us to

o Determine whether one set is a subset, a proper subset of another set.

o Determine whether two sets are equal.
e We will use two' approaches:
e on predicate logic based on the subset relationships

ACB <= VYx[x€A—x€cB]

ACB <= Vx[x€A—xeB]A[xeB,x¢A|

and
A=B <<= (ACB)ABCA)

e constructing a membership table.

"Well three approaches if we count using IPython to do the donkey work for us.
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Proving Equivalence

Example

Example 15

Let A = {x | xiseven} and B = {x | x is a multiple of 3} and
C = {x | x is a multiple of 6}. Prove

ANB=C

Proof.
ProvingANB C C...

Let x € AN B. Then x is a multiple of 2 and x is a multiple of 3. Therefore
we can write

| A

x=(2)(3)k for some integer k

Hence x is a multiple of 6 and therefore x € C.

Proving C CANB...

Let x € C. Then x is a multiple of 6 and so x = 6k for some integer £, i.e.,
x=06k=(2)(3)k

Therefore x is a multiple of 2 and a multiple of 3, and so x € A N B. DJ
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Proving Equivalence

Example

Example 16 (Using Membership Tables)

Prove B
ANBNC=AUBUC

v
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Proving Equivalence

Example

Example 16 (Using Membership Tables)

Prove
ANBNC=AUBUC

v

A membership table lists all possibilities of whether an element is in some sets or not ... .

A B C|AnNnBNnC ANBNC|A B C|AUBUC
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Example 16 (Using Membership Tables)

Prove

ANBNC=AUBUC

v

A membership table lists all possibilities of whether an element is in some sets or not ... .

ANBNC ANnBNC

A

B

C

AUBUC
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Proving Equivalence

Example 16 (Using Membership Tables)

Prove

ANBNC=AUBUC

v

A membership table lists all possibilities of whether an element is in some sets or not ... .

ANBNC ANnBNC

A

B

C

AUBUC

ERERENE R ES

HEmm e s

RN R RN oY

Moo e
LRSS RE S
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Example

Proving Equivalence

Example 16 (Using Membership Tables)

Prove

ANBNC=AUBUC

v

A membership table lists all possibilities of whether an element is in some sets or not ... .

ANBNC ANnBNC

AUBUC

ERERENE R ES

HEmE e s

R RN R R oY

e

=

RN R R N

R

R R R =1 FoN
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Example

Proving Equivalence

Example 16 (Using Membership Tables)

Prove

ANBNC=AUBUC

v

A membership table lists all possibilities of whether an element is in some sets or not ... .

A B C|AnNnBNnC ANBNC|A B C|AUBUC
F F F F T T T T T
F F T F T T T F T
F T F F T T F T T
F T T F T T F F T
T F F F T F T T T
T F T F T F T F T
T T F F T F F T T
T T T T F F F F F
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Proving Equivalence

Example

Example 16 (Using Membership Tables)

Prove

ANBNC=AUBUC

v

A membership table lists all possibilities of whether an element is in some sets or not ... .

Columns are identical, so given identity is True.

A B C|AnNnBNnC ANBNC|A B C|AUBUC
F F F F T T T T T
F F T F T T T F T
F T F F T T F T T
F T T F T T F F T
T F F F T F T T T
T F T F T F T F T
T T F F T F F T T
T T T T F F F F F
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