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Definition of a Function Definition Based on Relations

Relation
Recall our definition of a relation, R from set A to set B

Definition 1 (Relation)
A relation, R, from set A to set B is any subset of the Cartesian product A× B

R = {(a, b) | a ∈ A, b ∈ B} ⊆ A× B (1)

Graphically, this looks like two sets (the source and the target) with arrows leaving
elements in the source towards each elements in the target.

A
1
3
5

B
0
2
4
5

R

source — set coming from target — set going to

The domain is the
subset of the source
that is used in the
relation, i.e., each
element has at least
one arrow out.

The image is the
subset of the target
that is used in the
relation, i.e., each
element has at least
one arrow in.
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Definition of a Function Definition Based on Relations

For god’s sake, think of the Programmer I

We want to restrict our relation definition so that it will make life easier for us as
programmers — for example, consider implementing* “square of” relation over R
in either java or python.

R = {(a, b) | a ∈ R, b ∈ R∧ a = b2}
We have a number of issues (programming wise):

We can’t represent the continuous, infinite set of real numbers, R on a discrete,
finite device such as our computers.

Standard “solution” is to approximate R by the double data type.
Read What Every Programmer Should Know about Floating-Point Arithmetic

MyFunction.py

1 def f ( a ) :
2 r e s u l t = 0 . 0
3

4 # do c a l c u l a t i o n
5

6 re turn r e s u l t

MyFunction.py
MyFunction.java

3 double f ( double a ) {
4 double r e s u l t = 0 . 0 ;
5

6 / / do c a l c u l a t i o n
7

8 re turn r e s u l t ;
9 }

MyFunction.java

*Typical approach is to implement a method in Java, or a function in Python which given a returns b.
4 of 57

http://floating-point-gui.de


Definition of a Function Definition Based on Relations

For god’s sake, think of the Programmer I

We want to restrict our relation definition so that it will make life easier for us as
programmers — for example, consider implementing* “square of” relation over R
in either java or python.

R = {(a, b) | a ∈ R, b ∈ R∧ a = b2}
We have a number of issues (programming wise):

We can’t represent the continuous, infinite set of real numbers, R on a discrete,
finite device such as our computers.

Standard “solution” is to approximate R by the double data type.
Read What Every Programmer Should Know about Floating-Point Arithmetic

MyFunction.py

1 def f ( a ) :
2 r e s u l t = 0 . 0
3

4 # do c a l c u l a t i o n
5

6 re turn r e s u l t

MyFunction.py
MyFunction.java

3 double f ( double a ) {
4 double r e s u l t = 0 . 0 ;
5

6 / / do c a l c u l a t i o n
7

8 re turn r e s u l t ;
9 }

MyFunction.java

*Typical approach is to implement a method in Java, or a function in Python which given a returns b.
4 of 57

http://floating-point-gui.de


Definition of a Function Definition Based on Relations

For god’s sake, think of the Programmer I

We want to restrict our relation definition so that it will make life easier for us as
programmers — for example, consider implementing* “square of” relation over R
in either java or python.

R = {(a, b) | a ∈ R, b ∈ R∧ a = b2}
We have a number of issues (programming wise):

We can’t represent the continuous, infinite set of real numbers, R on a discrete,
finite device such as our computers.

Standard “solution” is to approximate R by the double data type.
Read What Every Programmer Should Know about Floating-Point Arithmetic

MyFunction.py

1 def f ( a ) :
2 r e s u l t = 0 . 0
3

4 # do c a l c u l a t i o n
5

6 re turn r e s u l t

MyFunction.py

MyFunction.java

3 double f ( double a ) {
4 double r e s u l t = 0 . 0 ;
5

6 / / do c a l c u l a t i o n
7

8 re turn r e s u l t ;
9 }

MyFunction.java

*Typical approach is to implement a method in Java, or a function in Python which given a returns b.
4 of 57

http://floating-point-gui.de


Definition of a Function Definition Based on Relations

For god’s sake, think of the Programmer I

We want to restrict our relation definition so that it will make life easier for us as
programmers — for example, consider implementing* “square of” relation over R
in either java or python.

R = {(a, b) | a ∈ R, b ∈ R∧ a = b2}
We have a number of issues (programming wise):

We can’t represent the continuous, infinite set of real numbers, R on a discrete,
finite device such as our computers.

Standard “solution” is to approximate R by the double data type.
Read What Every Programmer Should Know about Floating-Point Arithmetic

MyFunction.py

1 def f ( a ) :
2 r e s u l t = 0 . 0
3

4 # do c a l c u l a t i o n
5

6 re turn r e s u l t

MyFunction.py
MyFunction.java

3 double f ( double a ) {
4 double r e s u l t = 0 . 0 ;
5

6 / / do c a l c u l a t i o n
7

8 re turn r e s u l t ;
9 }

MyFunction.java

*Typical approach is to implement a method in Java, or a function in Python which given a returns b.
4 of 57

http://floating-point-gui.de


Definition of a Function Definition Based on Relations

For god’s sake, think of the Programmer II
. . . our issues continued . . .

For some inputs, my relation (a = b2 on R) generates multiple outputs.

(16, 4) ∈ R ∧ (16,−4) ∈ R, . . .

For some inputs, my relation generates no outputs.

(−1, b) 6∈ R ∀b ∈ R

As a result:
My Java implementation of double input double output is no good.
In Python, life is nicer because we are free to return None for no result, or
multiple doubles if needed — but still need special code.

Thinking of the poor programmer, getting minimum wage, etc., we . . .

Restrict relations so that:
All inputs generate at least one output, i.e., domain = source.

All inputs generate at most one output, i.e., at most one arrow leaving each element

All inputs generate exactly one output.
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Definition of a Function Definition Based on Relations

Function Definition Based on a Relation

Definition 2 (Function)
Let R be a relation from set A to set B where

Each element of A is in the domain of R, i.e.,
At least one arrow leaving each element in A.
∃b ∈ B such that (a, b) ∈ R ∀a ∈ A
Source of R is equal to Dom(R)

At most one output for each input
At most one arrow entering each element in B.
If (a, b) ∈ R and (a, c) ∈ R then b = c


⇒

We say R is
a function
from set A to
set B.

Graphically, we have . . .

A
1
3
5

B
0
2
4
5

R

source — set coming from target — set going to

The domain is equal
to the source.
All elements have
one arrow out.

The image is the sub-
set of the target that
is used in the relation,
i.e., each element has
at least one arrow in.
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Definition of a Function Definition Based on Relations

Example 3

Example 3 (Specifying a function as a set of ordered pairs)
Let S = {1, 2, 3} and T = {a, b, c}. Set

f = {(1, a), (2.a), (3.b)}
Then f is a function since

f is a relation from source set S = {1, 2, 3} to target set T = {a, b, c}.
The domain of f is equal to the source of f .
Elements in the domain are related to exactly one element in the target.

A
1
2
3

B
a

b
c

f

source — set coming from target — set going to

The domain is equal
to the source.
All elements have
one arrow out.

The image is the
subset of the target
that is used in the
relation, i.e., each
element has at least
one arrow in.
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Definition of a Function Definition Based on Relations

Example 4

Instead of listing pairs, as in the previous example, we can just give a lookup table.

Example 4 (Specifying a function using a lookup table)
Let f be the function defined by

Domain, Dom(f ), is given
by the input in each row.
No element is repeated,

Image , Im(f ), is given by the
output in each row.

input output
1 a
2 a
3 b

c

Drop rows with no corre-
sponding input.

Lookup tables are frequently used in computing in situations where memory is
cheaper than computing cycles.

Number theory libraries would small primes up to, say 1000, and compute others
as needed.
ASCII table and now unicode.
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Definition of a Function Definition Based on Relations

ASCII Table — A Relation between Integers and Characters

ascii .py

1 # c o n v e r t from c h a r a c t e r t o ASCII
2

3 p r i n t ( " C h a r a c t e r ’A’ map t o " , ord ( ’A’ ) )
4 p r i n t ( " C h a r a c t e r ’1 ’ map t o " , ord ( ’ 1 ’ ) )
5

6 # c o n v e r t from ACSII t o c h a r a c t e r
7 p r i n t ( " I n t e g e r 43 maps t o c h a r a c t e r " , chr ( 4 3 ) )

ascii .py

1 C h a r a c t e r ’A’ map t o 65
2 C h a r a c t e r ’ 1 ’ map t o 49
3 I n t e g e r 43 maps t o c h a r a c t e r +

chr

ord

chr

ord

chr

ord

chr

ord
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Definition of a Function Definition Based on Relations

Example 5

Example 5 (Specifying a function using set-builder notation)
The relation

L = {(x, 3x) | x ∈ R}
is a function from R to R.

Alternative notation is typically used when dealing with functions

L : R︸︷︷︸
source

(= domain)

→ R︸︷︷︸
target

: x 7→ 3x︸ ︷︷ ︸
rule

Since in this example the source is equal to the target we say “L is a function
on R”. (as we did for relations)
Similarly, the concepts

Into vs Onto
Injective (one-to-one)

also apply to functions. These properties are important when reversing
functions†, so we will cover them again using function notation.

†decrypting a message, unzipping an archive, etc.
10 of 57



Definition of a Function Function Notation

Function Notation

When defining functions we should be careful and explicitly state the source, the
target and the rule. But we are informal (sloppy) and leave detail out assuming the
reader will know what is implied. As a result there is large variation in notation.
For example, all of the following are intended to define the same function

Formal definition using set build notation

f = {(a, b)|a ∈ R, b ∈ R∧ 3a = b}
Formal definition using function notation

f : R→ R : x 7→ 3x
or

f : R→ R : f (x) = 3x

Informal definition using function notation

f : x 7→ 3x
or

f (x) = 3x
or (this last version is horrible but we all do it)

f = 3x


Based on the context we
usually assume R 7→ R,
Z 7→ Z, or N 7→ N.
But need to verify that
function is well-defined.
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Definition of a Function Function Notation

Constructing a Well-defined Function
Consider each of the following functions

a(x) = x2 b(x) =
√

x c(x) =
1

x− 2
d(x) = log(x)

In all four cases, we might start by assuming that the functions are from set R to set
R but, while this works for the first function, we have problems with the others.
Hence

If given just the rule, one must determine what inputs are allowable
when specifying the source (domain).

For our four functions above we have

a : R→ R : x 7→ x2 (no issue)
b : [0,∞)→ R : x 7→

√
x (cannot get√ of negative values)

c : R \ {2} → R : x 7→ 1
x− 2

(cannot divide by zero)

d : (0,∞)→ R : x 7→ log(x) (cannot log of zero or negative values)
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Definition of a Function An Aside: Interval Notation

Notation —- Open/Closed/Semi-Open Intervals on R
In the previous slide I used interval notation to represent sets involving numbers.
Lets review that notation . . .

Interval
Notation Set Notation Graphical

Representation
Informal

Description

[a, b] {x ∈ R : a ≤ x ≤ b}
a b

Closed finite interval‡

(a, b) {x ∈ R : a < x < b}
a b

Open finite interval

[a, b) {x ∈ R : a ≤ x < b}
a b

Semi-open finite interval

(a, b] {x ∈ R : a < x ≤ b}
a b

Semi-open finite interval

[a,∞) {x ∈ R : a ≤ x <∞}
a ∞

Semi-open infinite interval

(a,∞) {x ∈ R : a < x <∞}
a ∞

Open infinite interval

(−∞, b] {x ∈ R : −∞ < x ≤ b}
−∞ b

Semi-open infinite interval

(−∞, b) {x ∈ R : −∞ < x < b}
−∞ b

Open infinite interval

(−∞,∞) R
−∞ ∞

The Real Line

Table: Intervals on the real line.

‡This is “the set of all real numbers x, such that a is less than or equal to x, and x is less than or equal
to b.”
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Definition of a Function An Aside: Interval Notation

Notation —- Open/Closed/Semi-Open Intervals on Z (or N)

Similar notation applies to set involving integers, i.e., Z and N . . .

Python
(Why?)

Interval
Notation Set Notation Graphical

Representation
Informal

Description

[a, b] {x ∈ Z : a ≤ x ≤ b}
a ba + 1 · · · b− 1

Closed finite interval§

(a, b) {x ∈ Z : a < x < b}
a ba + 1 · · · b− 1

Open finite interval

[a, b) {x ∈ Z : a ≤ x < b}
a ba + 1 · · · b− 1

Semi-open finite interval

(a, b] {x ∈ Z : a < x ≤ b}
a ba + 1 · · · b− 1

Semi-open finite interval

[a,∞) {x ∈ Z : a ≤ x <∞}
a ∞a + 1 · · ·

Semi-open infinite interval

(a,∞) {x ∈ Z : a < x <∞}
a ∞a + 1 · · ·

Open infinite interval

(−∞, b] {x ∈ Z : −∞ < x ≤ b}
−∞ b· · · b− 1

Semi-open infinite interval (Z only)

(−∞, b) {x ∈ −∞ < x < b}
−∞ b· · · b− 1

Open infinite interval (Z only)

(−∞,∞) Z
−∞ ∞

The set of integers (Z only)

Table: Intervals on integers Z (or N).

§This is “the set of all integers x, such that a is less than or equal to x, and x is less than or equal to b.”
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Definition of a Function An Aside: Interval Notation

Type Intervals in Programming Languages

Again, I want to impress on you, that the concept of different intervals is not just
something to keep mathematicians awake at night . . . it also keeps programmers
awake ...
For example, a Google search of why does python use semi open intervals generates
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Review Exercises 1 (Definition of a Function)
Question 1:
Consider the function defined by the rule x 7→ x2 with domain of f equal to {0, 1, 2, 3}. Show that

{(x, f (x))|x ∈ Dom(f )} ⊆ N× N

Question 2:
For each of the following incomplete function definitions construct a formal definition, assuming input is
a real number.

(a) f (x) = 1
x2−4

(b) f (x) = 1
x2−10

(c) f (x) =
√

x2 − x− 6

Question 3:
For each of the following incomplete function definitions construct a formal definition, assuming input is
an element of N.

(a) f (x) = 1
x2−4

(b) f (x) = 1
x2−10

(c) f (x) =
√

x2 − x− 6
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Function Properties

Function Definition
Recall that when properly specifying a function we need the set of allowed inputs
(domain) and a set large enough to contain all possible outputs (target) in addition
to a rule/table connecting input to output values. So we have definition:

Definition 6 (Function)
A function

f : Dom(f )→ Target(f ) : x 7→ f (x)

is any process ((multi-)rule, lookup table, etc) that generates a single output from
every input value. Hence we specify:

The Dom(f ) is the set of allowed inputs and is called the “domain of f ”.

If the domain is not specified, then it is assumed to be the largest subset of R (or Z
or N) whose values do not result in an invalid operation.

The Target(f ) is any set large enough to contain all possible outputs of f and is called the “target of
f ”.

If the target is not specified, then it is assumed to be R (or possibly Z or N).
We work with the target set of functions because it is often much more difficult to
determine the image set — the set of all output values.

An assignment rule, that associates to every input x a unique output f (x).
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Function Properties Surjective (Onto)

Function Properties — Surjective
Since functions are relations, the relation properties are also function properties . . .
we just have some extra terminology . . .

Into vs. Onto

With a relation (so also a function) the image set (the set of all actual output) is a
subset of the target:

Im(R) ⊂ T
A

1

3

5

B
1

3

5

A function, f , in which the image is a
proper subset of the target is said to be
an into function (or not surjective).

or

Im(R) = T
A

1

3

5

B
1

3

5

A function, f , in which the image is
equal to the target is said to be an onto
function (or surjective).

A function, f : A→ B, is surjective iff

∀b ∈ B ∃a ∈ A (f (a) = b)

i.e., there is al least one arrow going to every point in B.
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Function Properties Surjective (Onto)

Application

Why is surjective important ?
If a function is surjective then every element in the target set can be
generated/outputted given suitable input.
If a function is not surjective then some elements in the target set cannot be
generated/outputted regardless of the input — goal of plausibly deniable
encryption.
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Function Properties Injective (One-to-One)

Injective (One-to-One)
A relation (or function) from set A to set B is one–to-one if every element in B has
at most one incoming arrow.

Definition 7 (Injective (One-to-One))
A function (or relation) from set A to set B is one–to-one (or injective iff

f (a1) = b1 ∧ f (a2) = b1︸ ︷︷ ︸
f (a1) = f (a2)

=⇒ a1 = a2

Make sure you are happy with reconciling “most one incoming arrow” with
the above definition, which effectually says “if element b has an incoming
arrow from a1 and an incoming arrow from a2 then a1 = a2, i.e., the two
incoming arrows are the same arrow”.
Or “equal outputs implies equal inputs”.
The contrapositive proposition is typically used when proving a function is
injective.

a1 6= a2 =⇒ f (a1) 6= f (a2)

i.e., different inputs implies different outputs.
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Function Properties Injective (One-to-One)

Application

I should talk here about injective functions used in encryption or lossless
compression (zip, rar, 7z, etc), but instead I will talk about a function that is not
injective to illustrate the importance of this property.

A hash function is any function that return deterministic¶ but generally
irreversible|| output values for given inputs.
Hash functions are a fundamental component in cryptography, and main attack
strategy is to find two different inputs that generate the same output.

¶means, not random
||difficult to figure out the input if you only know the output
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Function Properties Bijective (Injective and Surjective)

Bijective (Injective and Surjective)

Definition 8 (Bijective (Injective and Surjective))
A function, f , from set A to set B is said to be bijective (or a bijection) iff it is both
injective and surjective.

In terms of Venn diagram, a bijective function has
exactly one arrow leaving every element in the source (always true for a function).
exactly one arrow entering every element in the target.

Bijective functions are reversible**

plain text encrypted text
encrypt

decrypt

your files archive
zip

unzip

**Just because something is reversible it says nothing about the relative difficulty of computing the
different directions.
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Review Exercises 2 (Function Properties)
Question 1:
Let S = {a, b, c, d} and T = {1, 2, 3, 4, 5, 6, 7}. Which of the following relations on S× T is a function.

(a) {(a, 4), (d, 3), (c, 3), (b, 2)} (b) {(a, 5), (c, 4), (d, 3)}

Question 2:
Classify each of the following functions as surjective, injective and bijective.

(a) f : R→ R : x 7→ 3x + 1
(b) f : N→ N : x 7→ 3x + 1
(c) f : Q→ Q : x 7→ 3x + 1

(d) f : R→ R : m 7→ m + 2
(e) f : N→ N : m 7→ m + 2
(f) f : Q→ Q : m 7→ m + 2

(g) f : N→ N : m 7→ 2m
(h) f : R→ R : m 7→ 2m
(i) g : Z→ Z : m 7→ 2m2−7

Question 3:
Let A = {1, 2, 3, 4} and B = {a, b, c, d). Determine which of the following are functions. For functions
classify as surjective, injective and bijective.

(a) f ⊆ A× B, where f = {(1, a), (2, b), (3, c), (4, d)}.
(b) g ⊆ A× B, where g = {(1, a), (2, a), (3, b), (4, d)}.
(c) h ⊆ A× B, where h = {(1, a), (2, b), (3, c)}.
(d) k ⊆ A× B, where k = {(1, a), (2, b), (2, c), (3, a), (4, a)}.
(e) L ⊆ A× A, where L = {(1, 1), (2, 1), (3, 1), (4, 1)}.

Question 4:
If |A| and |B| are both finite, how many different functions are there from A to B?
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